Abstract. We prove a dynamical Shafarevich theorem on the finiteness of the set of isomorphism classes of rational maps with fixed degeneracies. More precisely, fix an integer d ≥ 2 and let K be either a number field or the function field of a curve X over a field k, where k is of characteristic zero or p > 2d − 2 that is either algebraically closed or finite. Let S be a finite set of places of K. We prove the finiteness of the set of isomorphism classes of rational maps over K with a natural kind of good reduction outside of S. We also prove auxiliary results on finiteness of reduced effective divisors in P 1 K with good reduction outside of S and on the existence of global models for rational maps.
by M dyn d (K) the set of K-dynamical systems of degree d. Note that there is a coarse moduli space M dyn d of dynamical systems of degree d (see [S5] , [W] ). Suppose K is the function field of a curve C over a base field k. We shall say that a map f /K is K-trivial if there exists a map g defined over the base field k such that g K ∼ = K f , where g K denotes the base change of g to K. We shall say that f /K is isotrivial if there exists a map g defined overk such that gK ∼ =K f .
1.2. Models and reduction. Let X be a Dedekind scheme. Denote by K the field of functions on X. The closed points of X can be identified with the (non-archimedean) places of the field K. To a (non-archimedean) place v of K associate the valuation ring o v of K. Let S be a finite non-empty subset of such places of X and define the ring
Denote the complement, X \ S, by X
• ; then X • = Spec o S . Through the remainder of this paper, we shall take X to be either a complete smooth curve over a base field k or the spectrum of the ring of integers of a number field.
We recall the standard notion of good reduction for dynamical systems.
Definition 1.2. With notations as above, let f be a rational map over K and let U be a scheme with field of fractions K; for example, a non-empty open subset of X. By a model for f over U we shall mean a rational map f :
together with a K-isomorphism of the generic fiber f K with f . Such a model f will be said to have good reduction if the rational map f can be extended to a U -morphism f : P fiber-wise for each v ∈ U . In particular, when f has a model over U = Spec o v with good reduction, then we say that f has good reduction at v.
A K-dynamical system F = [f ] K is said to have good reduction at a place v of K if f has a model over o v with good reduction.
Sometimes this notion is called 'simple good reduction' to distinguish it from other notions of good reduction that involve extra structure, such as marked critical or periodic points. Remark 1.3. Whilst natural and appropriate for many situations, this notion of good reduction is not strong enough for a Shafarevich theorem: indeed, the dimension of the locus of monic polynomial maps of degree d in the coarse moduli space M d is at least d − 3, but all these have good reduction at all places. To obtain finiteness one must rigidify by adding extra structure and demanding that the additional structure also have good reduction in some sense; for example one might mark the critical and branch points of the map; this was the approach of Tucker and the first author in [ST] .
We introduce the notion of "differential good reduction", as a strengthening of the notion of "critically good reduction" in [ST] . Roughly speaking, a rational map has differential good reduction at a place v if no critical or branch points come together in the reduction mod v. First we fix some notation: Definition 1.4. Let f be a rational map over K. Let U be a scheme with field of functions K and let f be a model over U with good reduction. Let R f denote the ramification divisor of the U -cover f. Let B f denote the branch divisor. We shall refer to C f = B f + R f as the critical divisor of f and we shall refer to the associated reduced subscheme C f ⊂ P 1 K as the critical locus of f. Definition 1.5. Let f : P 1 U P 1 U be a model for a rational map f /K. We say that f has differential good reduction, or D.G.R. for short, if it satisfies the following three criteria: (1) f has good reduction; (2) the maps f v are separable for each v ∈ U ; (3) the critical locus C f isétale over U .
A
1.3. Admissible maps. Let K = k(X) be a function field as above, with k algebraically closed. Then, by Lemma 2.1 below, a rational map f /K of degree d has a model f :
This map is non-constant if and only if f is non-isotrivial. Definition 1.6. Let f /K be a rational map, where K is the function field of a curve over k and char K = p > 0. We shall say that f /k is admissible if it is non-isotrivial and moreover the map α associated to any model as above is separable. If K is a number field, then all rational maps f /K maps shall be termed admissible.
Remark 1.7. More generally one could define a "modular inseparability index" as in [S8, §0] , and prove our results for maps of bounded modular inseparability index, but for simplicity we shall state the results in terms of admissible maps.
for which f is a separable admissible rational map of degree d with at least 3 distinct ramification points.
The aim of this paper is to prove the following Shafarevich-style theorem for dynamical systems: Theorem 1.8. Let d ≥ 2 be an integer. Let K be a number field or a function field over a field k. Suppose that k is a field of characteristic zero or p > 2d − 2 that is either algebraically closed or finite. Let S be a non-empty finite set of places of K. Then the set
Roughly speaking, the theorem says there are only finitely many K-isomorphism classes of rational maps defined over K that have differential good reduction outside of the given set of places.
Alongside Theorem 1.8, we shall also prove two other main results. The first result concerns the existence of global models with differential good reduction after finite bounded extension of the base field (Section 2), the key ingredient for which is the "smallness of the fundamental group" for curves and rings of integers of number fields. The second is a finiteness results for point sets and divisors on P 1 with prescribed bad reduction (Section 4); here the key ingredient is the S-unit theorem and the moduli space M 0,n for pointed P 1 .
Remark 1.9. The strategy of proof for Theorem 1.8 is as follows. For any rational map f in X(d, K, S), the fact that f has differential good reduction outside S implies that C f has good reduction (as a reduced effective divisor) outside of S. Applying our finiteness result for reduced effective divisors (Theorem 4.12), we find a finite set Y ⊂ P 1 K such that one can choose representatives f for each equivalence class in X(d, K, S) with C f ⊂ Y . To finish we apply Mori's computation of the tangent space to the scheme of morphisms to deduce that the set of maps f with C f contained in the finite set Y is a finite set. In the function field case, there are technicalities related to isotriviality and characteristic p phenomena.
1.5. Relation to other work on Shafarevich-type theorems. Shafarevich's original conjecture from [S2] concerned finiteness of isomorphism classes of curves with a fixed finite set of primes of bad reduction over number fields and function fields. At the time he proved the case of elliptic curves over number fields. It is worth to note that his proof uses the S-unit theorem, and that the statement is false if "elliptic curve" is replaced with "curve of genus one". His conjecture was first proven for characteristic zero function fields by Parshin [P2] and Arakelov [A] ; at this time it was noted by Parshin that Shafarevich's conjecture implied that of Mordell on the finiteness of rational points on curves of genus at least 2. The case of function fields in characteristic p was proven by the first author [S8] . Faltings proved the conjecture for number fields [F] . Recently, Yiwei She has proven Shafarevich results on K3 surfaces.
The Shafarevich question for rational maps was first addressed by Tucker and the first author in [ST] . They introduced the notion of 'critically good reduction' and proved a result for rational maps over number fields but with a different and weaker notion of isomorphism that the usual one used in dynamics; they consider rational maps up to the action of PGL 2 × PGL 2 with different action on the source and target P 1 . The relation between critically good reduction and simple good reduction was studied in [CPT] . Petsche [P] proved a Shafarevich result using the usual 'dynamical' notion of isomorphism; his result works for certain families of maps over number fields and it uses a notion of 'critically separable good reduction'. In the present work, which was presented at the birthday conference for J.H. Silverman in August 2015 and at the Fields Institute in February 2017
[S7], we make no restriction to families and we work with the dynamical notion of isomorphism; our result applies to number fields and function fields.
Instead of marking critical points and critical values, one can mark some nperiodic points of the map; in [PS] Petsche and Stout prove Shafarevich-style results about quadratic maps with marked 2-period or double fixed point structure. In the recent preprint [S6], Silverman, following similar lines to the present work, proves a joint generalization of the present work and that of [PS] to obtain a very general Shafarevich finiteness result for marked rational maps on P 1 , valid over number fields.
1.6. Relation to Shafarevich's theorem for elliptic curves. Let K be a number field and S a finite set of finite places. It was noted in [ST] that the finiteness of the set of isomorphism classes of elliptic curves over K with good reduction outside of S can be recovered from the Shafarevich theorem for rational maps applied to the Lattès map associated to multiplication by 2 on the elliptic curve.
When K is a function field over a finite field, the corresponding statement is true if one restricts to admissible elliptic curves; i.e. those for which the modular map to the j-line is non-constant and separable -see [BLV] for a classical proof.
If fact, one can derive the elliptic curve Shafarevich statement from our Theorem 1.8, as we now explain. Suppose p ≥ 5 and q = p n ; let K = F q (X) be the function field of a curve and let E/K be an elliptic curve. After extending S we can suppose that o s is a PID and that E has a minimal model over o s of the form y 2 = P (x) where P (x) = x 3 + Ax + B. The admissibility of an elliptic curve E corresponds to the condition that the Lattès map f E associated to multiplication by 2 on E be admissible in the sense of Definition 1.6. The map f E is ramified at the six x-coordinates of the twelve points E[4] \ E[2], whilst the branch points are the x-coordinates of the three points E[2] \ {O}. Therefore the critical set C f E is the union of the roots of the polynomials φ 2 = x 3 +Ax+B and φ 4 = ψ 4 /ψ 2 , where ψ n denotes the n-th division polynomial. The discriminant disc(φ 2 φ 4 ) equals ∆ 12 E up to a power of 2, where ∆ E denotes the usual discriminant of E. Therefore differential good reduction of f E is equivalent to good reduction of E, at least away from characteristic 2 and 3. By Theorem 1.8, there are at most finitely many isomorphism classes of admissible Lattès maps corresponding to admissible elliptic curves with good reduction outside of S. On the other hand, if f is a Lattès map with denominator P (x), we recover an elliptic curve with equations
2 is finite, we have at most finitely many isomorphism classes of admissible elliptic curves with good reduction outside of S.
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Global Models
Throughout this section, the notation X, K, etc. are as in Section 1.2.
Lemma 2.1. If a K-dynamical system F = [f ] K has good reduction (resp. D.G.R.) at a place v, then there exists an open set V ⊂ X containing v such that f has a model with good reduction (resp. D.G.R.) over V .
Proof. By Definition 1.5, there is a model for f over Spec o v ; i.e. there exists a pair of homogeneous polynomials,
, that define a morphism f : P ov → P ov whose generic fiber is K-isomorphic to f . This automatically extends to a rational map f : 
From this data we can construct a vector bundle E of rank 2 and an X
• -morphism f : P(E) → P(E) that restricts to f i above each
We now prove that, in certain cases, one can trivialize the bundle and obtain a global model f :
Proposition 2.3. Let K be the function field of a Dedekind scheme X. Let S be a non-empty finite set of places of K. Let f ∈ X(d, K, S) be a K-dynamical system with D.G.R. outside of S. Then there exists anétale cover C → X
• of degree at most (2d − 2)! and a global model f : P Proof. We have a vector bundle E of rank 2 and a X
• -morphism f : P(E) → P(E), as in Remark 2.2 above. Our strategy is to trivialize the P 1 -bundle P(E) → X
• by anétale base change.
Differential good reduction implies that the critical locus C f isétale over X • . If C f is splitétale over X
• , then we are done: the sheets of the cover C f → X • are given by disjoint sections σ i : X
• → P(E); there are at least three such sections, by the assumption that f has at least three distinct ramification points; since an automorphism of P 1 is determined by the image of three points, sending any three of these sections to 0, 1, ∞ in each fiber gives a trivialization of the P 1 -bundle
If some component C of the critical locus is not splitétale over X
• , we can make the base change by C → X
• (whose degree is at most (2d − 2)!), so that the corresponding component of the critical locus in π : P(E) × X • C → C becomes splitétale over C. Now we get a trivialization as before.
Remark 2.4. A scheme that has only finitely manyétale coverings of given degree is said to have "smallétale fundamental group". Examples include: (1) the spectrum of the ring of integers of a number field (Hasse-Minkowski); (2) a curve over an algebraically closed field of characteristic zero (Grothendieck). In general, theétale fundamental group of an affine curve in characteristic p is not small, due to wild ramification. Nonetheless, if U ⊂ X is an open subset of a smooth proper curve over a finite field, there are at most finitely many tamely ramified covers of X that areétale over U . More generally, one can prove finiteness of the set of covers of U with "ramification bounded by a modulus"; see [HH] .
Corollary 2.5. Let X be the spectrum of the ring of integers of a number field or a smooth proper curve over a field k that is either algebraically closed of characteristic zero, or a finite field of characteristic greater than 2d − 2. Let K be the function field of X. Let S be a finite set of places of K. Then there exists a finite extension L/K such that any element f ∈ X(d, K, S) has a global model over L with D.G.R. and such that the ramification points of f are rational over L.
Proof. Apply the preceding proposition. Note that, by the hypothesis on the characteristic, any cover C → X of degree at most (2d − 2)! is tamely ramified. Take L to be the compositum (in some fixed separable closure of K) of the extensions K(C)/K for the finitely many tamely ramified covers C → X of degree at most (2d − 2)! that areétale over X
• .
Proposition 2.6. Let K be the function field of a curve X/k such that the Jacobian is 2-divisible (i.e. for all P ∈ J X (k) there exists Q ∈ J X (k) with 2Q = P ). Let S be a nonempty finite set of points of X that contains at least one k-rational point. Then any P 1 -bundle over X • = X \ S is trivial.
Proof. Note that X • = Spec o S is affine and write A = o S . A P 1 -bundle over X
• is determined by a vector bundle E of rank two on X • ; i.e. the P 1 -bundle is of the form P(E) → X
• . For any line bundle M on X • , the P 1 -bundle P(E) is canonically isomorphic to P(E ⊗ M ). Therefore our strategy will be to replace E by E ⊗ M for some line bundle M so that E ⊗ M becomes trivial.
Since X
• is affine and one dimensional and E is rank two, E will have a nowhere vanishing section A → E ([S, Théorème 1]). So we have an exact sequence
If we denote the line bundle Λ 2 (E) by L, then we have, for any line bundle M
We claim that L is a square in the Picard group; then we can take M = L to complete the proof (since then the exact sequence above will split). To see that L is indeed a square, first extend it to a line bundle L over X. Suppose the degree of L is n, then take L = L(−nP ), where P is a k-rational point in S. Now deg L = 0 and corresponds to an element of J X (k), so by the assumption on the divisibility of the Jacobian, L has a square root N . Now N | X • is the desired square root of L.
Corollary 2.7. Let X be a curve over an algebraically closed field k. Let K be the function field of X and let S be a non-empty finite set of places. Then any element f ∈ X(d, K, S) has a global model over K with D.G.R.
Proof. For k algebraically closed, J X (k) is a divisible group; so we can apply the preceding proposition to find a trivialization of the bundle that occurs in Remark 2.2, thereby obtaining the desired global model.
Differential Discriminant
Let F/K be a rational map of degree d written in coordinates as F (x 0 , x 1 ) = [F 0 (x 0 , x 1 ), F 1 (x 0 , x 1 )] where F 0 and F 1 are homogeneous polynomials of degree d. The ramification locus R F of F in P 1 is given by the vanishing of the Wronskian
. This is the form defining the graph of F . The branch locus B F is the image of the ramification locus, hence it is given by the vanishing of the resultant in (x 0 , x 1 ) of w F (x 0 , x 1 ) and g(x 0 , x 1 , y 0 , y 1 ); that is, by the vanishing of
The critical locus C F = B F ∪R F is given by the vanishing of u F (x 0 , x 1 )w F (x 0 , x 1 ). Define the differential discriminant
By definition, the model F has differential good reduction at v when | red v (C F )| = |C F |. If F has the maximum number of distinct ramification and branch points -i.e. if |C F | = 4d − 4 -then we call F differentially separated (cf. the notion of critically separated in [P] ). In that case we have
Denote the coefficients of the forms F 0 and F 1 by a 1 , . . . a 2d+1 and let Form d be the affine space Spec Z[a 1 , . . . a 2d+1 ] ; that is, Form d is the space of pairs of homogeneous forms of degree d. There is an action of G m × GL 2 on Form d given by
for positive integers n and m.
Example. (Quadratic maps) For a map of degree 2 one can calculate
where ρ is the resultant and θ i are relative invariants given by
where τ 1 is the numerator of the rational function of the coefficients given by the first symmetric function in the multipliers of the map (see [S3] and [W] for more on the invariants of rational maps). 
Auxiliary finiteness result
First recall the moduli space of n points on the projective line. Consider the projective line over a scheme Y : i.e. P 1 Y → Y . Let P 0,n be the functor that assigns to any scheme Y the set of all n-tuples σ = (σ i :
of disjoint sections of the structure morphism P 1 Y → Y . This is represented by the scheme P 0,n = (P 1 ) n \ diagonals Definition 4.1. Define two n-tuples of disjoint sections, σ = (σ i :
, to be Y -equivalent if there exists an automorphism γ ∈ Aut Y (P 1 Y ) = PGL 2 (Y ) which moves one n-tuple into the other; i.e. σ i = γ • σ i . If Y = Spec A is affine, Y -equivalent n-tuples shall also be said to be A-equivalent.
Let M 0,n denote the functor that, to any scheme Y , assigns the set of equivalence classes of elements of P 0,n (Y ). For any n ≥ 4, M 0,n is represented by the scheme
If we write a point of P 0,n as s = (
, where
, then the map π : P 0,n → M 0,n taking an n-tuple to the corresponding point in the moduli space is given by
The notation [ijkl](t) denotes the cross-ratio
where [ij](s) = α i β j − α j β i Note that we can treat [ijkl](t) as a point of P 1 \ {0, 1, ∞}.
In the sequel we work over a scheme X that we take to be the spectrum of the ring of integers of a number field or a smooth proper curve over a field k, where k is either a finite field or an algebraically closed field. Let K be the function field of X. Let S be a non-empty finite set of (finite) places of K.
Definition 4.2. Let X be a curve defined over a field k, we say that an n-
is o S -trivial if it is o S -equivalent to an n-tuple consisting of constant sections. Note that in this case, the restriction of the sections to the generic fiber can be specified as a set of k-points of
• onto a curve in the moduli space M 0,n . If, moreover, this morphism is separable, then we shall say that σ is admissible. Proposition 4.3. Let X, K, S be as above and let n be a positive integer. Then there are at most finitely many o S -equivalence classes of n-tuples
of disjoint admissible sections.
Proof. Denote by F n the set of all such n-tuples σ satisfying the hypotheses of the proposition. We must show that the image of F n under π is a finite set.
By the explicit description of π in terms of cross-ratios, it suffices to show that the set of cross-ratios
is finite. The elements of G n are o T -points of P 1 \{0, 1, ∞}; hence they are T -units. Moreover, the cross-ratios satisfy the identity
In the case that K is a number field, we can now conclude finiteness of G n from the finiteness of solutions to the unit equation (see [EG2] for an exposition of the unit equation, generalizations and effective versions). In the case of a function field K, we cannot immediately conclude finiteness: if we set
then the unit equation may have infinitely many solutions in A.
To deal with that issue, consider the set
The set of solutions to the unit equation [EG2, Theorem 7.6 .1]), therefore H n is a finite set.
This implies that the set G n is finite, since
To see this, note the identity of cross ratios
Secondly, observe that, since M 0,n is a fine moduli space and σ is admissible, for any σ ∈ F n , there exists an index such that [123 ] 
In the latter case, the equation Lemma 4.6. Let L/K be a finite extension. Let F be a set of reduced effective divisors of degree n ≥ 3 on P 1 K such that the points of each D ∈ F are defined over L. Then each L-equivalence class in F consists of at most finitely many K-equivalence classes.
Proof. (C.f. the proof of [P, Theorem 4].) Let c be an L-equivalence class in F and fix some D 0 ∈ c; note that D 0 is a setD 0 of n points in P 1 (K). For any other element D ∈ c, corresponding to some set of pointsD ⊂ P 1 (K), there exists a γ D ∈ PGL 2 (L) that mapsD bijectively toD 0 . Note that Gal(L/K) acts on the set D. Write Gal(L/K) = {τ 1 , . . . , τ m }, and define a bijection
Since there are only finitely many possible bijections from the finite setD 0 to itself, this claim will complete the proof.
To prove the claim, suppose
Then γ is an Lequivalence between D and E. We must show that γ ∈ PGL 2 (K); i.e. we want to
for each x ∈Ē and for each τ ∈ Gal(L/K); so γ and τ γ take the same values on the set τ (Ē). We can conclude that γ = τ γ, since τ (Ē) contains at least three points and an element of PGL 2 (L) is uniquely determined by where it sends three points.
Definition 4.7. We shall say that a reduced effective divisor D on P Let n ≥ 3 be an integer. Denote by X div (n, δ, K, S) the set of non-isotrivial reduced effective divisors of P 1 K that have good reduction at each place v not in S, that are supported on at least three points, that have degree at most n and splitting degree over K at most δ. Proposition 4.9. Let n, δ, K, S be as above. Suppose char K > δ. Then there exists a finite extension L/K such that any element of
where T is the set of places of L above S.
Proof. Under the hypotheses of the proposition, X
• has small fundamental group, so the statement can be proved along the same lines as the proofs of Proposition 2.3 and Corollary 2.5.
Remark 4.10. Let L/K be the finite extension whose existence is asserted in Proposition 4.9. For each element D of X div (n, δ, K, S), we can take a splitétale model D for D over X of m disjoint non-o T -trivial sections, where 3 ≤ m ≤ n; after arbitrarily assigning a ordering, this gives us an element of P 0,m (o T ).
Definition 4.11. We shall say that an element D of X div (n, δ, K, S) is admissible if for some choice σ of m-tuple associated to D as above, σ is an admissible m-tuple in the sense of Definition 4.2. Denote that set of admissible elements of X div (n, δ, K, S) by X div (n, δ, K, S).
For each m with 3 ≤ m ≤ n, denote by F m the set of admissible m-tuples of sections obtained for each element of X div (n, δ, K, S) as just described; thus we have a bijection θ : X div (n, δ, K, S) → F m . By Proposition 4.3, there are at most finitely many o T -equivalence classes in F m . Two divisors D and D are L-equivalent if θ(D) and θ(D ) are o T -equivalent. Therefore we have shown that there are at most finitely many L-equivalence classes in X div (n, δ, K, S). By Lemma 4.6: each L-equivalence class splits into at most finitely many K-equivalence classes, so we have proved the following: Theorem 4.12. Let n ≥ 3, δ, K and S be as above. Suppose char K > δ or char K = 0. There are at most finitely many K-equivalence classes of elements of X div (n, δ, K, S).
Rigidity
Proposition 5.1. Fix a finite set Y ⊂ P 1 (K). There exist only finitely many morphisms f :
Proof. This is proved as Proposition 4.2 in [ST] . We just note that the proof works by application of the following theorem of Mori, which computes the tangent space to the scheme of morphisms between two varieties [M2] : since the degree of R f is at most 2d − 2 and B f = f (R f ) with f defined over K. Moreover, C f has good reduction outside of S. So C f is an element of X div (4d − 4, (2d − 2)!, K, S). By Theorem 4.12, C f belongs to one of at most finitely many K-equivalence classes. Let C be a set of representatives for such equivalence classes and let Y = ∪ C∈C C. Thus, for every F in X(d, K, S), we can write F = [f ] K for some rational map f /K for which C f ⊂ Y . Now the finiteness of X(d, K, S) follows from Proposition 5.1.
